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Relations are derived for the change in thermistor temperature with 
pulsed changes in ambient temperature and dissipation factur for 
small deviations of circuit current. Three main type~ ,ff input pu]ses / 
are examined: square, triangular, and exponential. - ~ c' 

In recent  yea r s  pulse  technology has been i n c r e a s -  
ingly introduced into automat ic  control  s y s t e m s .  Ac- 
cordingly,  it is a ma t t e r  of some in t e re s t  to study 
pulse r eg imes  i n c i r cu i t s  with t h e r m i s t o r s ,  which 
a re  often used as components  of such sys t ems .  Since 
the t h e r m i s t o r  can be used to r e g i s t e r  both t e m p e r a -  
tu re  and the p a r a m e t e r s  affect ing the heat t r a n s f e r  
coefficient,  the ambien t  t e m p e r a t u r e  and the d i s s ipa -  ~i 
t ion factor  were taken as input quant i t i es .  All the ca l -  
cu la t ions  were made for smal l  va r i a t ions  of the c u r -  , 
ren t  in the c i r cu i t  under  the action of an unmodulated 
sequence of square ,  t r i a n g u l a r  or  exponential  pulses  
(Fig. 1). The pulse sequence can be cha rac t e r i zed  
(Fig. 1) by the pulse ampli tude,  repet i t ion  period,  
off-duty fac tor  [1] 

y = ti/~ 

and ampl i f iea t ion  factor  

tei =: Am/x. (1) 

The quant i ty  x in (1) r e p r e s e n t s  the value of the input 
quanti ty at a d i s c r e t e  moment  of t ime .  The ana lys i s  
of pulse sy s t ems  usua l ly  reduces  to a ca lcula t ion of 
t r a n s i e n t s ,  i . e . ,  to a de t e rmina t ion  of the output quan-  
t i ty as a function of t ime  z(t). The rat io of the t r a n s -  
form of the input to the t r a n s f o r m  of the output 

K :~: Z* (q, ~.)'X:' (q, 0) (2) 

is the t r a n s f e r  function of an open pu l se -ampl i tude  
sys t em.  In exp res s ion  (2) 

q = P~ (3) 

is the t r a n s f o r m a t i o n  p a r a m e t e r ,  which is introduced 
on going over  to re la t ive  t ime  values  (~ = t / r ) .  

We reca l l  that any pu l se -ampl i tude  sys tem can be 
reduced to a pulse sys tem cons i s t ing  of a s imple pulse 
e lement ,  a shaping e lement  and a cont inuous par t .  

The t r a n s f e r  function of a sys tem with a r b i t r a r y  
pulse shape is given by the following equat ions [1]: 

h':::(q, ~-) ~ '  c ' U I :  = ('s _ _ ~ , . ;  c" ,t %(k)c " " d k q  where 
.=1 

i' k ~- ~.'~ % ()),' "" d when () ~ y, (4a) 

K* (q, ~') 

q/ y 
e 

.%(k) e ~ d ~ w h e n  
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Fig.  1. Pu l se  shapes:  a ) s q u a r e ,  b ) t r i -  
angular ,  c) exponential ,  d) exponent ia l  

sawtooth, e) l i n e a r  sawtooth. 

In (4a), (4b) 

s,,(X) s,,(~:) : ~s(~')/ /q (5) 

is the shape of the pulse  at the pulse e l emen t  output 
when T = ki, and 

lei Pn(q, ) (:" = Q'~(qO (6) 

If we a s sume  that the input va r i ab le  is d iscont inuous ,  
the t r a n s f o r m  of the co r r e spond ing  la t t ice  function [1] 
will be 

X:: (q, 0) X* (q) x, e0/(e~ - -  1). {7) 

Here x 0 is the value of the jump at the input of the sim- 

ple pulse element. According to (2) and (7), 

Z '~: (q, v) : K ~!: (q, v) x~fi'(eq-- 1). (8) 

If the shaping e l emen t  produces  a sequence of 
square  pulses ,  the i nve r se  t r a n s f o r m  of the output 
va r i ab le  is [1] 

~ I - -  e - ' ~ v  cud,,+ i+,) 1 zl'~, ~'l : xo RI:(0, v)--  C~o - - - - -  (9) 
' ] - -  e q~  ,=[  

! 
r t - -  e " ~  r~ 

A':'(O, v) - % , + _ _ . < o  l - - d '  e"" for 0 . ~: " y ,  
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l 

E e q'v - -  1 e q4~-7) for  y -~ e -< 1, K*(0, ~')= C,,o l--eq~ 

and 

coo = k i P n ( O ) / Q n ( O ) ,  c~o = "~ C,:o/q . (10) 

Since the l i t e ra tu re  lacks  exPress ions  K*(q, e) and 
Z*(q, e) fo r  t r i angu la r  and exponential  pulse shapes 
(Fig. lb, e), we obtained them on the bas i s  of exp re s -  
sions (4a), (4b), and (8). To conver t  f r o m  the t r a n s -  
f o r m  of a function to the or ig ina l  we used the re la t ions  
[1]: 

eq 1 
eq--  [1 --eq~(~+u], 

(e~--C ~ )(eq--1) 1 - - e  q~ 

eq l 
@ - -  ( 1 - - e q ~ ) .  

( e q - - e  q~ ) (e  q -  1) 1 - -  e q~ 

The shape of the t r i angu la r  pulses  is desc r ibed  by 
the expres s ions  

so (e) = 

�9 a. 2/7, 0 -~:~( e 4 y/2 

z (7 - -  ~)" 2/7, 7/2 ':~ e <- y 
O, y - ~ 8 4  I. 

( l l )  

The shape o f  th e exponential  pulses  

So (~) = 

.[ "r(1 - -  e-'~,~ )/  a ,  

0, 

0 ~< 8 ~ y/2, 

y/2 - ~ . ~ y ,  (12) 

where  a - -  1 -  e-q,v'2. 
In de te rmin ing  the t r a n s f o r m s  of the t r a n s f e r  func-  

t ions for  t r i angu la r  and exponential  pulse sequences  
we took into account  the fact  that  the t r a n s f o r m  of a 
compos i te  function is the sum of the t r a n s f o r m s  of the 
individual p a r t s  of this function with the same law [2]. 
Without dwelling on the detai ls  of the derivation,  we 
p re sen t  the final solutions for  the inverse  t r a n s f o r m s  
of  the output ,var iables  of  the puise s y s t e m s .  

Fo r  a t r i angu la r  pulse sequence (11) 
when 0-< e ~  7/2 

1 

z[n, e l =  2x~ Ec '~  - -  

Y 

- -  A~ (y, v) e 't'~- e 'Mn+l)  } , (13a) 

w h e n y / 2 ~  s-< 7 

z[n, ~ ] -  2% 
Y 

when Y----- e -< 1 

z[n, ~1 - 

l 

- - - - -  ~ c,~,, { [1 - -  q, (~ - -  ~)1 + & (v, ~) d "  - -  

--A..(7, ~) e q~ eq"(~+l) l ,  (13b) 

l 

2 x ~  ~ c,0tA~(y, v ) e  q'/" [1--eq~(~+~ (13c) 

~=l 

In these expressions 

1 - -  (2 - -  e -q~W2) e q~~ 
A 1 (% v) = 

1 - -  e q~ 

1 - -  (2 - -  g -qv'?/2 ) e -q~u 

A.. (% v) = 1 - -  e 'l'~ - -  ' 

A~(7, v) = 1 -- [ 2 - - e  q~(I-v/2)] e -q~v/2 - ,  

1 - -  e q~ 

and with account  for express ion  (10) 

' 2 
c~ol = c~o/q, = "r % / q ~ .  (14) 

The output var iab les  for  sys t ems  whose shaping 
e lement  p roduces  pulses  of  exponential  shape a re  
w h e n 0 < e - < 7 / 2  

z[n, e l =  Xo ~o a qlq-q~ q~ 

-1  

+ A4 (u v) e q~ - -  A5 (y, v) e *'~ eq~l~+l~ / , (15a) 

when7/2<- e-< 7 

1: gql(}'/2--~) ~o--qLy/2 
z [ n ,  ~ ] = %  c ' . - -  - - a  ~ + - -  4- 

a q L q - q ~  q,, 

2a 
+ Yq~ (l+q~e) e-q,v/2 _[- 

v ) e  q~ --A~(y, v)  e q'~ e~"(~+l)/, (15b) + &G',  
! 

when T ~ e - 1 

l 

' ! A~(y, v ) [ 1 -  e q~(n+~)] e q~= . (15c) z b ,  d =~oV__.% a 

Here 

A~ (> v) - 1 |Ar + (A~--A~ q- A~o)eq'(l-w2)], 
1 - -  eG 

1 [Av -~  ( A s  - -  A9 ~- Alo)  e -~'v'~]  A5 (y, v) 1 e q" ~ ' 

1 
&(./,  v ) -  - -  

1 - -  e q~ 
[A: + A s e  -q~v'/2 - -  A,~e q'(l--v'~) '~ All], 

where  

, , )  
q,, qL -F G ' 

/ e-ql y /2 
A 8 ~ | 

\ q l  -§ q,, 

( 1 e -q~Y'/2 1 - F a  - - §  
q ,  q l @ q ' ~  q~ 

( 1 1) 
A~ = a  - - - -  + e ("+r 

' q l §  q ,  ' 

2 a  

2a 
A n = ~ I ( l + q ~  
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Fig. 2. Change of temperature of KMT-14 thermistor, 
degrees, for a sequence of square (a), triangular ~o), 
and exponential (c) pulses of ambient temperature (ther- 
mistor and circuit  pa rame te r s :  R20 = 71 kohm, R = 
= 1350 ohms, D = 2 . 9 3 ,  6 = - 0 . 1 5 ,  fe = 4 . 8 4  see, am-  
plitude of change AT0m= 10 ~ T = 2  sec, 7 =  0.5, q~= 

= 1): 1)AT0; 2 )AT;  3) ATmax; 4) ATmi n. 

n,r 
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The above e x p r e s s i o n s  for  the output v a r i a b l e s  a re  
val id  for  l i n e a r  s y s t e m s .  Since for  sma l l  c u r r e n t  v a r -  
i a t ions  a t h e r m i s t o r  c i r cu i t  can be r e p r e s e n t e d  in  the 
fo rm of a l i n e a r  equivalent  c i r cu i t  [3-5] ,  exp r e s s i ons  
(13) and (15) can be used to ca lcu la te  t r a n s i e n t s  in  such 
c i r c u i t s .  

Pu l sed  v a r i a t i o n  of ambien t  t e m p e r a t u r e .  Let the 
t h e r m i s t o r  be connected in s e r i e s  with a l i n e a r  r e -  
s i s t ance  (R - R T c i rcu i t ) .  We a s s u m e  that  Uc = const ,  
R = eonst ,  and k = cons t .  F o r  sma l l  c u r r e n t  dev ia -  
t ions  in  the genera l  case  the d iss ipa ted  power  wil l  be 

AP~ :- k (A T - -  A To) - -  (T1 - -  T 0) A k 

In  our  case  (16) a s s u m e s  the f o r m  

(16) 

A P~ = k (A T -- A To). (17) 

The current increment for U c = const, with allowance 
forthe fact that AR T = ffTRTAT, is equal to [4, 5] 

A I =  Uc AR~--  Uca~R~ AT.  (18) 
(R +/~)2 (R + G) ~ 

Since with va r i a t i on  AI of the c u r r e n t  the i n c r e m e n t  
AP T in the power  supplied to the t h e r m i s t o r  has the 
fo rm 

A P, 2U T A I + F h RT (19a) 

and, on the o ther  hand, 

A P, = A P~ + Cv p A T, (19b) 

us ing  (17) and (18) we find the t r a n s f e r  funct ion of the 
t h e r m i s t o r  c i r cu i t :  

A T (p)/h T O (p) = Kn(P) = [(~eP + 17 (1 - -  D 6)1 -~ = Pn(P)/Qn(P)" 

The value of the t r a n s f e r  funct ion expressed  in t e r m s  
of the t r a n s f o r m a t i o n  p a r a m e t e r  (3) wil l  be 

I(n(q) = P~/(q -t- p~)(1 - -  D 8) = Pn(q)/Qn(q), 

where  /31 = T/Te. 
Sett ing Qn(q) equal  to zero,  we get the unique root  

qln = -3~.  On the bas i s  of (6), (10), and (14) we d e t e r -  
m ine  the coeff ic ients :  

kiPn(0) 1 
COO - -  _ _  ~ k i 

Qn(O) (1 - - D 6 )  
(20) 

/ziPn(qm ) ki 1 
C10 qmQ;a(qm) 1 - -  D 6 ' 

, ki Pn(qm) ki ~ (21) 
cl~ ~ Qn(qm) w 1 - -  19 5 ' 

tq i 
cl0a = o c~0 (22) 

q; ~1 1 - -  D 5 

Using (9), (20), and (21), we wr i t e  the f inal  r e l a -  
t ions  for  the change in  t h e r m i s t o r  t e m p e r a t u r e  in  the 
case  of a sequence of square  pu lses ,  tak ing  k i = i 

( i . e . ,  x 0 = A m = ATom): 

forO~e----7 

A To,~ V 1 - -  1 - -  e--~dl--7) 
AT[nl e l =  l _ O ~  L 1--e-t3, 

f o r y _ < a _ <  1 

e-~-" + 

(23a) 

A Tin, q = (23b) 

- 1 A T ~  1 - e - ~ ' v - D 6  1 --e-V, e-~A---~) + 1 - - # ' - - v  e-~*(~+l+~) ] ' t  --e-V~ 

The m a x i m u m  value of AT wil l  be at e = 7, and the 
m i n i m u m  value at e = 0. Subst i tut ing the c o r r e s p o n d -  
ing v a n e s  in  (23a), we get the equat ions of the en-  

velopes  [1]: 

ATm~• yI; ATm~,=AT[n,  OI. 

As n - -  ~,  the s y s t e m  e n t e r s  a state of dynamic  
equ i l i b r ium.  Then the m a x i m u m  and m i n i m u m  va lues  
of the change in t h e r m i s t o r  t e m p e r a t u r e  tend to con-  

s tan t  va lues :  

A T ~ x . y = A T [ w ,  5;]; ATmm.r=AT[  ~ ,  0]. 

It i s  easy  to show [1] that  a 5% di f ference  f rom the 
s t eady- s t a t e  va lues  of the envelopes  i s  observed  af ter  
a n u m b e r  of r epe t i t ion  per iods .  

n > 3/~1. 

The cu rves  in  Fig.  2a a re  based on the above fo r -  

m u l a s .  
In the case  of a sequence of t r i a n g u l a r  pu l ses  the 

changes  in  t h e r m i s t o r  t e m p e r a t u r e  accord ing  to (13) 
and (22) (at ki = 1) a r e  equal to 
when 0 -< e -< 7/2 

AT[n, e]-- 2 ATom [(~le - -  I) + AI (5;, v) e-~1~ - -  
~15; (i - -  O 8) 

- -  A~ (% v) e - - ,~  e-t~,<,,+~)], (24a) 

when 7/2<- e <-- 7 

AT[n, e l ~  2hTo,~, [1 + ~l(W - -  e) -4-- 
[3ff(1 - - D 6 )  

@ A3 (y, v) e -g~ - -  A2 (% v) e -L~ e-fh(,~+l), (24b) 

w h e n y - <  e--< 1 

AT[n, el 2AT~ A2(y, "~)e-'~(1--e-~'c~+l))]. (24c) 
[ ~ ( 1 - -  D~) 

In  us ing  e xp r e s s i ons  (24) it  is  n e c e s s a r y  to r eca l l  that  
in At( % v), A2(T, v), and A3(T, v) ins tead  of qv it  i s  
n e c e s s a r y  to subs t i tu te  i ts  value for the case  in ques -  
t ion  (qv = qm = - P l ) .  Subst i tut ing e = T and e = 0 in  
(24b), (24a), we get the equat ions of the envelopes  for 
the m a x i m u m  and m i n i m u m  va lues  of the t e m p e r a -  
t u r e s ,  r e spec t ive ly .  
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R e l a t i o n s  (24) w e r e  u s e d  to c o n s t r u c t  the  c u r v e s  in 
F i g .  2b. 

F o r  an e x p o n e n t i a l  pu l s e  s e q u e n c e  the  c h a n g e s  in 
t h e r m i s t o r  t e m p e r a t u r e  b a s e d  on (15) and (21) wi l l  be 

(k i = 1): 
f o r 0 <  ~ _< y /2  

A T I n  e, ~,AT0~ 1(  e -~,~ 
a ( l - - D 6 )  qt --~l 

t- - ~ )  i A~(, ,v)e-: ' ,~--A~(,,v)e-~, 'e t~,'"'"],(25a) 

f o r T / 2 _ <  a<_ V 

AT[n,  t l : :  a(lfi'~TD6 [ i  a(e-q'v/~[~l eq'{v'~ *) ' ) q = : } - ~  -~- 

2 ~ a  (1 __ ~ls) e -q,w2 I 

i A~(y, v)e-~,~--A~,(y, v)e-~,~e-~,~"il) , (25b) 

f o r T < e <  I 

ATln ,  ~'1 - [ ~ A T  ..... Aa(y, ~,)[1 -e-~,l"+a~le t~,~. (25e) 
a ( l  - -  I55) 

S ince  the  m a x i m u m  v a l u e  of  AT  o c c u r s  at a = % and 
the  m i n i m u m  v a l u e  at  a = 0, the  e q u a t i o n s  of  the  e n -  
v e l o p e s  can  be  d e t e r m i n e d  on the  b a s i s  of  (25b) and 

(25a). 
The  c u r v e s  in F i g .  2c a r e  ba sed  on r e l a t i o n s  (25). 

P u l s e d  v a r i a t i o n  of  t he  d i s s i p a t i o n  f a c t o r .  The  d i s -  
s i p a t i o n  f a c t o r  is  p r o p o r t i o n a l  to the  h e a t  t r a n s f e r  c o -  

e f f i c i e n t  [6]: 

le = a l l  

Thus ,  a change  in d i s s i p a t i o n  f a c t o r  i s  a n a l o g o u s  

to  a c h a n g e  in h e a t  t r a n s f e r  c o n d i t i o n s .  
F o r  the  g iven  e a s e  we sha l l  t ake  U c = eons t ,  R = 

= cons t ,  T O = e o n s t .  F o r  k = v a t  e x p r e s s i o n  (16) t a k e s  

t he  f o r m  

h P~ = k~ A T - -  (Tt - -  T o) Ale. (26) 

A f t e r  s u b s t i t u t i o n  o f  (18), (19a), and (26) in (19b) and 
c e r t a i n  t r a n s f o r m a t i o n s ,  we get  the  t r a n s f e r  func t ion  

of  the  c i r c u i t  c o n t a i n i n g  the t h e r m i s t o r :  

Kn(P ) a T ( p )  _ 
k I" (p) 

: i f ,  - - r . ~  1 G(p> (27) 
k l (1- -D6)  (~ep + 1) Qn(p) 

With accoun t  f o r  (3), Eq.  (27) b e c o m e s  

T, T O "~ Pn(q) --- __ ~ZL . . . . . .  . 
Kn(q) h't(1--l)6) (q-~-[3t) Qn(q) 

w h e r e  /q = r / r  e. The  g iven  func t ion  has  one root  qln = 
- -  / - - ,  1- U s i n g  (6), (10), and (14), we get  

CO0 : : 
(T1 --  To) ki 

k, ( 1 - - D 6 )  (28) 

CI0 
kl ( l - - D 6 )  

( T , - - T o )  k i~ l  c'[o ( 2 9 )  
k1~ (I - - D 6 )  

(T1 - -  T o) k i 
C,oi - (30) 

k, [~ ( 1 - -  D 6) 

U s i n g  (9), (13), (15), and (28)- (30) ,  we  ge t  e x p r e s -  
s i o n s  fo r  the  c h a n g e s  of  t e m p e r a t u r e  f o r  t h e  v a r i o u s  

p u l s e  s e q u e n c e s .  As  b e f o r e ,  k i = 1 ( i . e . ,  x0 = A m  = 
= Akin) .  F o r  s q u a r e  p u l s e s :  
when 0 <_ e-< Y 

ATIn ,  e l =  T ~ - - T o  . Ak., < 
kl (1 - - D 6 )  

X I I  1 - -e -~ , ( ' -v )  1 - - # , v  ] 
1 - e-~, 1 - -  e-~,  ' 

when T -< ~- -~ 1 

A T In, el T1 - -  T O a k,,, X 
k~ (1-- D6) 

1 - -  # , v  ] l - -  e ~,v e - ~ , . - v )  + - - -  e - ~ , { n + l + ' )  . 

1 1 - - e -  ~, 1 - -  e - t 3 ,  . 

F o r  t r i a n g u l a r  p u l s e s :  
when 0-< e-< y / 2  

ATIn ,  ~1- -  2 T I - - T  o Akin 1(~1~:-- 1) + 
Y~l kl ( 1 - -  D 5) 

t- A,(y, v)e-~, '  - -  A~ (y,v)e-" . 'e-~, l"q ~q, 

when y / 2  <- e < Y 

A T In, vl = 
2 TI--To A k~ 

Y[3a kt ( 1 - -  D 6) 
11 + 1~1 (y - ~:) + 

+ A:,(y, ,:)e-~,~--A2(y, v) e-~,~-e--~,",+l) I, 

when Y -< e <- 1 

~.Tln, el = 

2 T1--T  o Ak,, A2(y, v)e4,~[l--e-~,r247 
u kl (1 - - D 6 )  

F o r  e x p o n e n t i a l  p u l s e s :  

w h e n 0 < -  e-<  y / 2  

! AL(u v)e ~,'--As(y, v)e-+,~e ~,i,,~1~], 

when T/2 ~ e. -< T 



136 INZHE NERNO- FIZIC HESKII ZHURNAL 

x[o( 
AT[n, el ~j T 1 - - T  O hkrn X 

a kl (I - -D6)  

8q~u e--qt (V/2--") ) 2G 
131 q,--13, + ~ ( 1  --61 e) e-q,v/2 + 

-t- A~ (y, v) e-~" - -  As (7, v)e-~"e -~'('+~) ] , 

when 7 -< e -< 1 

AT[n, el = 
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If we take the ra t io  of changes of t e m p e r a t u r e  due 
to the act ion of pu l ses  of ambien t  t e m p e r a t u r e  and d i s -  
s ipat ion fac tor  as  equal to unity,  then, i r r e s p e c t i v e  
of the shape of the pulse ,  we shal l  have the following 
re la t ion  between the pulse  ampl i tudes  (provided that 
y, /3, a, D and 5 a re  fixed): 
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It follows f rom (31) that for  the same  ampl i tude  
the act ion on the R - R T c i r cu i t  of a sequence of pu l s -  
es of d i s s ipa t ion  fac tor  wil l  cause  a (T 1 - T0) /k  1 t imes  
g r e a t e r  change in t h e r m i s t o r  t e m p e r a t u r e  than the ac-  
t ion of a sequence  of ambien t  t e m p e r a t u r e  pu l ses .  

Using the equivalent  c i r cu i t  [5], it  is  easy  to de te r -  
mine  the t r a n s f e r  funct ion for  change in c i r cu i t  vol t -  
age and apply all  that has been said to the given case .  

In conclus ion ,  we note that the exp re s s ions  obtained 
can be used to ca lcula te  c i r cu i t s  with t h e r m i s t o r s  for 
s tepwise,  sawtoothed (Fig. 1) and cont inuously  grow- 
ing (both l i n e a r l y  and exponential ly)  act ions  of the 
above-examined  p a r a m e t e r s .  For  this  it i s  suff icient  
to take Y = 1, and, in addition, for cont inuously  grow- 
ing input va r i ab l e s  n = 0. 

NOTATION 

A m -  pulse amplitude; v-pulse  repetition period; t i -pu l se  length; 
k i -  amplification factor; ~ -  real parameter (time); u -  number of root 
of equation; s(e)-pulse shape; n - n u m b e r  of pulse; Pa-dissipated 
power; k-dissipation factor; T0-ambient temperature; Uc-circuit 
voltage; C~T--temperature coefficient of thermistor resistance; R T-  
thermistor resistance; R-linear resistance; UT-voltage drop across 
thermistor; Cv-volume heat capacity of thermistor; PT-power sup- 
plied to thermistor; r e = r O/(1 - D6)-time constant of electrical 
circuit; r 0 -thermistor thermal time constant; D = -C~T(PcJk) = 
= (B/T~)(T - T0)-relative power sensitivity of thermistor; 6 = (R T - 
- R)/(RT + R)- dimensionless circuit parameter characterizing power 
supply regime; a-beat transfer coefficient; F--surface area of ther- 
mistor; T-temperature of thermistor. The subscript m indicates the 
maximum of the corresponding quantity, the subscript 1 on k and T 
denotes values preceding the start of the transient process. 
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